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Abstract: We consider a model of gravity and matter fields which is invariant only under uni- 
modular general coordinate transformations (GCT). The determinant of the metric is treated 
as a separate field which transforms as a scalar under unimodular GCT. Furthermore we also 
demand that the theory obeys pseudo-scale invariance. We study the implications of the result- 
ing theory. We solve the resulting field equations for a sperically symmetric system in vacuum. 
We find that the resulting solution contains an additional term in comparison to the standard 
Schwarzchild solution. We also study the cosmological implications of the model. We find that, 
in terms of cosmic time, it predicts an accelerated expansion if the energy density is dominated 
by non-relativistic baryonic matter. Furthermore the model does not admit a cosmological 
constant, thereby solving its fine tuning problem. 



1 Introduction 

In a recent paper [T] -we have considered some implications of a model -which is invariant only 
under the restricted unimodular general coordinate transformations (GCT) but not the full GCT. 
The basic idea that the gravitational action may be invariant only under the unimodular GCT -was 
first proposed by Anderson and Finkelstein [2] . It is related to an earlier proposal by Einstein [3] . 
In this proposal the determinant of the metric, g., is not a dynamical variable. This idea has been 
pursued in detail in many papers [1H13|. -which have considered its application to the problem of 
the cosmological constant and its quantization. Since g is not a dynamical field, a model based 
on unimodular GCT has the potential to solve the cosmological constant problem. Ho-wever as 
explained in [T4|, the problem is not really solved. 

In the present paper -we treat the determinant as an independent scalar field since -we only de- 
mand invariance under unimodular general coordinate transformations (GCT) [TUllTlHro] . Ho-w- 
ever -we also require that the model is invariant under the pseudo-scale invariance |20j . The 
restricts the action considerably. We study some implications of the resulting model. In particu- 
lar -we study the cosmological evolution implied by this model as -well as its spherically symmetric 
solution in vacuum. 



2 Review of Unimodular Gravity 

We require only unimodular general coordinate transformations (GCT), -which are defined by, 

x^" ~> x'" (1) 
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such that 

Aet{dx'''ldx'') = l (2) 
It is convenient to spht the standard metric as foUows [T], 

9iiu = X^9tii^ (3) 

where the determinant g of g^^n is assumed to be non-dynamicaL Hence we demand that g is fixed 
such that, 

g = det[g^^] = fix) (4) 

where f{x) is some function of the space-time coordinates. The field x behaves as a scalar field 
under unimodular GCT. Hence the basic fields of our theory are x? the metric 5^1/ and matter 
fields. We denote the connection, the Ricci tensor and the curvature scalar by the symbols f^^, 
Rfj,i, and R respectively. All these quantities are computed by using the metric g^,^. 



3 Unimodular gravity with pseudo-scale invariance 

We next present a model of gravity and matter fields which is invariant under unimodular GCT 
but not the full GCT. As discussed in [Tl[Tni[Ill[ini[Il] there is considerable freedom in writing 
such a model. We impose a further constraint on this model that it should satisfy global pseudo- 
scale invariance 20]. As explained in Ref. [1D| under this transformation, the coordinates a;'' do 
not change. However the metric and the fields undergo suitable transformation. In 4 space-time 
dimensions, the full metric essentially transforms as 

5^!^ -> g^i^A^ (5) 

where A is a constant parameter. This transformation changes the determinant of the metric. 
Hence in our case we may express this transformation as. 



X XA 



The matter fields transform as follows, 



A 



<j,/k 

A, 
V-ZA 



3/2 



where (/), A^^ and '0 are scalar, vector and spinor fields respectively. 

The action invariant under unimodular GCT and pseudo-scale transformations may be written 

as, 



5 = 



'9 



K K 



S 



M 



(6) 



where Sm represents the matter part of the action and k = IBttG. It is useful to compare this 
action with the standard gravitational action written in terms of g^^ and x [I] • We see that the 
current action represents a significant modification of the standard Einstein's action. Hence it is 
likely to give very different predictions and should be carefully examined to see if it agrees with 
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observations. 

We next display the matter action which contains the standard model fields. Before doing 
that we also need to suitably split the veirbien field to be consistent with Eq. [3] Wc consider the 
veirbien field e° where a represent the Lorentz index. The full metric 

9t^y = ^IVabel (7) 

We may split 

el = Xel (8) 
Here we have defined such that it has determinant equal to \J —g. We may now write Sm as 



1 d^x^a x^r''{D^n)\D,n)~\r''r^{Aio.Kp+B^c.B,p + gi^gi^ 



'^fcrmions 5 (9) 



where H is the Higgs doublet, gj^^, -4^^, and S^i^ represent the field strength tensors for the SU (3), 
SU{2) and U{1) vector fields respectively. The superscripts i and j on A^^^ and t/^^, represent the 
SU(2) and SU(3) indices respectively. We are implicitly summing over these indices. The fermion 
action may be expressed as, 



5fcrmions = j d^ X 6 {x^lp ^h'"^ L + rH'"^ b) 

d^xe{gYX^^L'H4'R + h.c.), (10) 



where e = \/~-g, 7^ = e^a7" ^.nd a, 6 are Lorentz indices. Here ipL is an SU{2) doublet, ipR a 
singlet and gy represents a Yukawa coupling. For simplicity we have displayed only one Yukawa 
coupling term. Furthermore we have displayed the action only for a single family. 
The covariant derivative acting on the fermion field is defined by 

■D^i^L,R = (^D^ + ijL,R , (11) 

where D^Vl = - igT ■ - ig' {Y}^ /2)B^, D^ij^R = - tg'iYf /2)B^, Oat, = \[la.lb\ and 
ujI^ is the spin connection. In Eq. [Til is the SU{2) field, the C/(l) field, T represents the 
SU(2) generators and Yf the U(l) hypercharges. Here we have not explicitly displayed the color 
interactions for quarks, which can be easily added. 

We point out that the matter action is essentially the same as in the case of generally covariant 
standard model, except for a crucial difference. The mass term of the Higgs field is different. If we 
were to preserve general covariance then this term would be multiplied by an additional factor of 
X^- This term breaks GCT but preserves pseudo-scale invariance. We may also point out that the 
pseudo-scale invariance does not allow a cosmological constant term in the action. As we shall see 
this invariance is preserved exactly in our theory. It is not broken spontaneously. This symmetry 
allows a mass term in the action, provided we break the full GCT. Hence we can generate masses 
of all particles without breaking this symmetry. Furthermore, this symmetry can also be preserved 
in the full quantum theory jl6j . When we quantize the theory the symmetry may be broken due to 
an anomaly. The anomalies arise due to the fact that the process of regulating the theory does not 



4 



P. Jain et al. - Unimodular Gravity with Pseudo-scale invariance 



preserve some of the symmetries of the classical action. For example, the standard scale invariance 
is anomalous since the regulated action necessarily contains a scale. This has been shown explicitly 
in the context of dimensional regularization in Ref. j22j . The pseudo-scale invariance, however, 
may be preserved in the dimensionally regulated action by introducing appropriate fractional 
powers of Xj or equivalently the determinant of the full metric, g^^, in some of the terms in the 
action [TB] . This follows a similar suggestion made earlier in the case of scale symmetry [53] . This 
procedure has also been employed in the case of unimodular gravity with scale invariance |24[|25j 
as well as for computing the cosmological constant in a scale invariant model |26j . In our model 
this symmetry implies that cosmological constant remains zero in the full theory and hence solves 
its fine tuning problem. The basic issue now is whether the theory agrees with observations. We 
partially address this issue in the present paper. 

We point out that since the theory has unimodular general coordinate invariance, the energy 
momentum tensor of the matter fields satisfies a conservation law, 







(12) 



provided the contribution due to the scalar field x is also included. The symbol 7^^ is used in Eq. 
[12] to indicate that the contribution due to the field x is also included. In Eq. [121 the covariant 
derivative as well as all raising and lowering of indices is done using the metric g^u . 



4 Spherically Symmetric Solution in Vacuum 

We next determine whether our model reproduces the standard spherically symmetric Schwarzchild 
solution. Imposing the unimodular constraint on the metric g^i, we can write it as 



g^,y = diag 



1 



A{r\ 



■, -A(r), -r^, -r^ sin^ 



(13) 



The full metric is given by Eq. [3] where x = x('")- The determinant det[gfj^,y] is equal to the 
determinant of the Lorcntz metric. The curvature tensor satisfies the following equation in vacuum. 



In xdy In X - -^9tJ.ud^ In xd\ In x 







(14) 



We have 



which gives. 



Rrr 



ARtt = 



9r In X = 



Hence x is a constant. This implies that 

R 



(15) 
(16) 

(17) 



This is as far as we can go. Now the Schwarzchild solution indeed solves this equation. However 
it is not unique. We cannot set R = Q. We find. 



R'gg Ree — 

r 



(18) 
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where the prime refers to derivative with respect to r. Hence 

Ree = C-.r' (19) 

where C2 is a constant. This imphes 

rS' + B = 1 + Car^ (20) 



where B = 1/A. If we set C2 = we get the standard Schwarzchild solution. This also applies 
approximately for small r. However for large r the solution gets modified. Wc find, 

where C3 is another constant. By using the relationship B = I + 2(j3, where is the gravitational 
potential, we can relate C3 to the mass M of the source in the usual manner. We have, neglecting 
the term proportional to C'2 for small r, 

C3 = -2GM (22) 
where G is the gravitational constant. Hence we find the gravitational potential, 

r D 

We find that the potential deviates from the standard Newtonion potential at large distances. 
It is clearly of interest to see if this can explain the galactic rotation curves. By relating the 
gravitational force due to this potential on a test mass in circular motion with speed v at distance 
r from the source, we find that, at large distances. 



C2 



(24) 



Hence the rotational speed increases linearly with r. The observed rotational speeds in many 
cases increase slowly with distance from the center and hence might be consistent with the pre- 
dicted behaviour. A detailed fit is required which must take into account the modification of our 
prediction due to visible mass in the galactic halo. This is postponed to future work. 



5 Cosmological Implications 

We next study the cosmological implications of our unimodular pseudo-scale invariant theory. The 
generalization of Einstein's equations to the present theory, is given by. 



d^lnxdylnx - ^Qtivd In x (9a In x 



T, 



(25) 



Here represents all the contributions to this equation obtained by the matter action. We may 
call this the energy momentum tensor. However we caution the reader that it does not satisfy the 
usual conservation law. The equation of motion for x may be written as 



(26) 
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where T-^ represents the contributions to this equation due to the matter fields. 
We shall assume, for simplicity, that 

= diagonal[l, -1, -1, -1] (27) 

Hence the entire dynamics is contained in the field x- Here we shall first consider the case where 
the energy density of the universe is dominated by radiation and next where it is dominated by 
non-rclativistic matter. As discussed earlier, vacuum energy or cosmological constant does not 
contribute in our theory. 



5.1 Radiation dominated universe 

In the case radiation dominated universe, wc find that, 

= (28) 

We see this easily from the matter action. For the case of a vector field, there is no direct coupling 
to X- Hence its contribution to vanishes trivially. In the case of scalar or spinor field, it vanishes 
once we impose the condition = 0. Hence in this case we find that, 

^lnx = (29) 

Here 77 is the time coordinate. Note that the time coordinate in our metric essentially corresponds 
to the conformal time in the standard Big Bang cosmology. This implies that, dlnx/di-j = C, 
where C is a constant. Hence 

X = Xoe""' (30) 
Here xo is a constant. We may express this result in terms of cosmic time, t, by using, 

Xdri = dt (31) 

In terms of cosmic time we find that the universe is expanding at a constant rate. The constant 
C is fixed by Eq. 1251 In this equation i?^^ = 0, i? = 0. Wc may identify the energy momentum 
tensor by taking the specific example of a scalar field [1], 

T^. = < d^,4>d,^ > (32) 

where the expectation value is taken in an appropriate thermal state corresponding to the tem- 
perature of the mcdimir. Furthermore, as discussed in Ref. [I] 

<do^do^>^x^iv)p (33) 

where p is the energy density of the radiation field. We also find that the trace, = 0. Substi- 
tuting in Eq. [551 we find 

3^ 

2nx^ 

Hence we find the standard result, p cx However the time dependence of the scale factor is 

very different. We find an exponential dependence on conformal time instead of the usual linear 
dependence in the case of Einstein's gravity [1] . 



(34) 
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The dependence of the electromagnetic radiation energy density on the scale factor x rnay 
also be obtained directly from the conservation law, Eq. [T^ The electromagnetic field does not 
directly couple to the scalar field x- Hence we need not include the contribution due to x while 
applying Eq. [T2l As argued above and in Rcf. [1] , we identify, 

Tf,u = X^ diagonal (p, -p, -p, -p) (35) 

where p denotes the pressure. Setting = in Eq. 1121 we find, 

d{px^) 



drj 



(36) 



which implies that p oc 1 /x^ in agreement with Eq. 1341 We may similarly obtain the evolution of 
p for all fields which do not directly couple to x- 

We next consider the evolution of a scalar field in the relativistic limit. In this case we need 
to include the contribution due to We find 

V = -— a^lnx9.1nx + T^.(0) (37) 

where Tf^^{(f>) is the contribution due to the scalar field and is given by Eq. [35l Using the 
conservation law, Eq. [T^with = 0, we find 

d (px^) 2^ d ( d ^ ' 



dr] K drj ydrj 

This implies that 



Inx =0 (38) 



K \d?] 

Now using Eq. [551 '^e find that p cx 1 /x"' in this case also 



PX^ ~ ( 'i~^'^x\ = constant (39) 



5.2 Non-relativistic Matter dominated universe 



We first consider a real scalar field ip in the non-relativistic limit. The action for the field can be 
written as 



-9 



(40) 



In this case also we find that = 0, after using the field equation of cj). Hence we again find 
din x/ drj = C, where C is a constant, as in the case of radiation dominated universe. Using Eq. 
[25l we find the energy density, p, given by 



2^ 



(41) 



Hence in this case we again find that the energy density falls a 1/x^, as in the case of radiation. 
We may understand this surprising result by noticing that in the present case the mass term of the 
scalar particle has two powers of x less than that of standard gravity which has full covariance. 
A Dirac fcrmion with an explicit mass term in the action also behaves in a similar manner. 

We next consider the case of chiral fermions. In this case we do not introduce an explicit 
mass term in the action, as in the case of the Standard Model of particle physics. The fcrmion 
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mass is generated by the Higgs mechanism through the Yukawa interaction terms. In this case, 
surprisingly, we get a different result. We find a non-zero contribution to in contrast to the 
case when we directly introduce a mass term of fermions in the action. 



We consider the standard case of visible matter which is composed of spin 1/2 particles. The 
mass of these particles is generated through the Higgs mechanism by the Yukawa interaction terms. 
Here we focus on elementary particles such as electrons. We shall discuss the generalization to 
composite particles such as protons later in this section. The contribution to the equation of 
motion of x is given by 

- -3x' {i^LiKl'^d^iPL + {L^ R)) + 4gyx' {^Lni'B, + h.c.) (42) 

The contribution of the Higgs field to vanishes after using its equation of motion. The Higgs 
field acquires non-zero vacuum expectation value due to spontaneous symmetry breaking. Hence 
we find 

(«)^H„^-L(°) (43) 

where 

''-W^ («, 

Interestingly we find that v depends on the scale factor and hence keeps decreasing as the universe 
expands. We may identify the mass of the fermion as. 



The equation of motion for x finally gives, 

2ir''{\nx);^.,u = ^^X^M^ (i^^) = Kx^p (46) 

where p is the energy density of the non-relativistic matter. The identification of p follows by 
considering the energy momentum tensor, as in the case of radiation field. We have 

T^. = (^L^e^T'ffoM^.V'L + {L^ R)) (47) 
We are interested in the 00 component of this equation. As in the case of radiation field we have 

Too = (48) 



Using Eq. [211 this gives 



From Eqs. and HSl we find. 



d /rflnx\ f d\nx^ 



drj \ drj J \ dr/ 



(50) 



This gives 



X = Cix' (51) 
where the dot denotes derivative with respect to time rj and Ci is a constant. Substituting this 
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in Eq. |3Hlwe find, 

Hence we find tliat in tliis case p oc wliicli is different from tlie l/x'^ beliaviour found in 

the standard case of Einstein's relativity and tire behaviour found above. We point out that 
Eq. [S2] relates the constant Ci to the energy density and the scale factor today. Furthermore 
we notice that Eq. [51] is exactly the same as the equation for the scale factor corresponding to 
vacuum energy in usual Einstein's gravity, expressed in terms of conformal time. Hence if we make 
a change of variables from conformal time rj to cosmic time i, we find the standard equation for 
vacuum dominated universe. 

However this behaviour is now being obtained for non-relativistic matter rather than vacuum 
energy. Hence we find the very interesting result that Standard Model fermions in the non- 
relativistic limit lead to acceleration which is exactly the same as that obtained by vacuum energy 
in the case of usual Big Bang cosmology. Hence despite the fact that we have null cosmological 
constant in our theory we have obtained an exponentially expanding solution. 

So far we have discussed the contribution due to non-relativistic elementary fermions, such as 
electrons. For composite objects such as protons, neutrons, the situation is more complicated. 
However in this case also the entire mass is generated due to spontaneous or dynamical symmetry 
breaking. The bare mass of the quarks is generated by the vacuum expectation value of the Higgs 
field. To a good approximation this is negligible for light quarks. The mass of the proton may 
be modelled by using the SU(2) linear sigma model which includes the pion and sigma spin 
fields and the proton, neutron as the fermion doublet [H]. For our purpose the mass is generated 
essentially in the same manner as that of electrons in the Standard Model. Hence it will behave 
in the same manner cosmologically. The equations given in this section for elementary fermions 
are also applicable to composite fermions such as protons and neutrons. 

5.3 Evolution of energy density for non-relativistic field 

We have already seen that during the phase when the energy density of Standard Model fermions, 
in the non-relativistic limit, dominates, the energy density decays as We next ask the 

question how does the energy density of such fermions decays during the radiation dominated 
phase. As we saw in section 5.1 the conservation law, Eq. I12[ explicitly involves the dynamics 
of the field x 3'iid hence may not be very useful for this purpose. Hence we try to address this 
question directly from the equations of motion by assuming a subdominant contribution due to 
non-relativistic particles. The equations of motion may now be expressed as 

^2 



|lnx) = Y^x'{p- + Ip-) (54) 

where pjv is the energy density of the non-relativistic field of the type considered in section 5.2 
and pu is the energy density of a rclativistic field. We assume that pn » p^ . At leading order 
we neglect p^ and the solution is dlnx/dr] = C, where C is a constant, such that 

= ^X'PR (55) 
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Including the corrections due to p^r we may write 




(56) 



The field equations imply, 



d6_ 
drj 




6 = 



(57) 



Hence we find 




(58) 



which gives 



S (X e 



.2Cv 



(59) 



Hence we find that pN oc during the phase of radiation domination also. 

Before ending this section we summarize the main results. We find that the evolution of the 
scale factor, both during radiation and matter dominated phase to be different from what is found 
in the case of standard Einstein's gravity. If the energy density is dominated by non-relativistic 
baryonic matter we find an accelerated expansion. The energy density of electromagnetic field 
falls as 1/x^ during all the phases. During the radiation dominated era, the energy density of 
all rclativistic fields also falls as l/x"*- Surprisingly, however, the energy density of a real scalar 
field, as well as dirac fermions with an explicit mass term, in the non-relativistic limit also falls 
as 1/x'* in contrast to the result in the standard Big Bang model. We also find that the energy 
density of Standard Model fermions in the non-relativistic limit falls as l/x^ in contrast to the 
obtained in the case of Einstein's gravity. In this case the scale factor shows expansion 
similar to that obtained by vacuum dominated universe in the case of standard Einstein's gravity. 



6 Discussion and Conclusions 

We have considered a model which obeys only unimodular general coordinate invariance. We 
impose an additional requirement that the theory also has pseudo-scale invariance. We have 
shown that the theory admits the standard Schwarzchild solution for a spherically symmetric 
system in vacuum only as a special case. In general the solution contains an extra term which 
leads to a modification of the Newtonian potential. We have also considered the cosmological 
implications of this theory. The theory does not admit a cosmological constant and hence solves 
its fine tuning problem. We find that, if the energy density of the universe is dominated by the 
non-relativistic baryonic matter, the scale factor shows accelerated expansion in terms of cosmic 
time. Hence the theory has the potential to agree with cosmological data without requiring dark 
energy. 
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